Using the optimized effective potential method in conjunction with the semi-analytical approximation due to Krieger, Li and Iafrate, we have performed fully self-consistent exact exchange-only density-functional calculations for diatomic molecules with a fully numerical basis-set-free molecular code. The results are very similar to the ones obtained with the Hartree Fock approach. Furthermore we present results for ground states of positive atomic ions including correlation contributions in the approximation of Colle and Salvetti. It is found that the scheme performs significantly better than conventional Kohn-Sham calculations.
Introduction
Since its development by Talman and Shadwick [1] , following the original idea of Sharp and Horton [2] , the optimized effective potential (OEP) method has been recognized [3, 4] as the exact implementation of exchange-only density functional theory (DFT) [5, 6, 7, 8] . Due to the rather large computational effort involved, this scheme has not been used extensively. In the last years, however, the situation has changed. Using an accurate analytical approximation due to Krieger, Li and Iafrate (KLI) [9, 10, 11] the effort involved in numerical calculations based on the OEP has become comparable to conventional Kohn-Sham calculations, while the gain in accuracy is considerable.
In the following, we will briefly review the theoretical foundations of the OEP method and the KLI approximation and present, in section 3, applications of the method to molecular systems. Finally, in section 4, calculations for atomic systems including correlation effects are discussed and compared with conventional KohnSham results.
Basic formalism
We start from ordinary spin DFT [12, 13] , where the basic variables are the spinup and spin-down densities ρ ↑ (r) and ρ ↓ (r), respectively. They are obtained by self-consistently solving the single-particle Schrödinger equations (atomic units are used throughout)
where
The Kohn-Sham potentials V σ (r) may be written in the usual way as
ρ(r) = σ=↑,↓ ρ σ (r) (4) where v ext (r) represents the Coulomb potential of the nuclei and V xcσ (r) is a local exchange-correlation (xc) potential formally defined as functional derivative of the xc energy
In order to understand the nature of the OEP method we recall that the HohenbergKohn theorem [5] , applied to non-interacting systems, ensures that the groundstate determinant and hence all occupied orbitals are unique functionals of the spin densities:
As a consequence of (6) , any orbital functional E xc [{ϕ jτ }] is an implicit functional of ρ ↑ and ρ ↓ , provided that the orbitals come from a local potential. The starting point of the so-called OEP method is the total energy functional 
where, in contrast to ordinary spin DFT, the xc energy is an explicit (approximate) functional of spin orbitals and therefore only an implicit functional of the spin densities ρ ↑ and ρ ↓ . As a consequence of this fact, the calculation of the xc potentials from Eq. (5) 
and, by applying the functional chain rule once more,
(9) The last term on the right-hand side is readily identified with the inverse χ −1 s (r, r ′ ) of the density response function of a system of non-interacting particles
This quantity is diagonal with respect to the spin variables so that Eq. (9) reduces to
(11) Acting with the response operator (10) on both sides of Eq. (11) one obtains
(12) Finally, the second functional derivative on the right-hand side of Eq. (12) is calculated using first-order perturbation theory. This yields
Using the fact that the Kohn-Sham response function can be written as
the integral equation (12) takes the form
and
The derivation of the OEP integral equation (15) described here was first given by Görling and Levy [14] . It is important to note that the same expression results [1, 9, 15] if one demands that the local one-particle potential appearing in Eq. (1) be the optimized one yielding orbitals minimizing the total energy functional (7), i.e. that
The main advantage of the OEP method is that it allows for the exact treatment of the exchange energy. Splitting up the total xc-functional into an exchange and a correlation part
we can use the exact Fock expression
Performing the functional derivative with respect to the orbitals one obtaines for the x-part u xiσ (r) of the function u xciσ (r):
The use of the exact exchange energy has several advantages over the conventional explicitly density dependent xc functionals. Most importantly it ensures the correct −1/r decay of the xc-potential for large r, reflecting the fact that it is self-interaction free. One has to emphasize that the OEP has the correct −1/r tail for all orbitals, i.e. for both the occupied and the unoccupied ones. By contrast, the conventional Hartree-Fock (HF) approach, which uses the same expression (20) for the exchange energy but a nonlocal potential defined via the equation
is self-interaction free only for the occupied orbitals. However, x-only OEP calculations [1, 16, 17, 18, 19, 9] , i.e. with the approximation E c [{ϕ jτ }] = 0, performed on atomic systems have shown that the results for various physical quantities of interest such as total ground-state energies are very similar to HF results despite the different nature of the corresponding x-potentials. As -by construction -the HF scheme gives the variationally best, i.e. lowest, total energy, the x-only OEP solutions are always slightly higher in energy. The solution of the full integral equation (15) is numerically very demanding and has been achieved so far only for systems with spherical symmetry [1, 16, 17, 18, 19, 9] . Therefore, one has to resort to further approximations for practical reasons. Krieger, Li and Iafrate [9] have suggested the analytical approximation
for the Green's-function-type quantity (17) . Substituting this into the integral equation (15) and performing some algebra one arrives at the approximate equation
whereū xcjσ denotes the average value of u xcjσ (r) taken over the density of the jσ orbital, i.e.ū
and similarly forV KLI xcσ . In contrast to the exact integral equation (15) the KLI equation (24) can be solved explicitly for V xcσ by multiplication with ρ iσ (r) and subsequent integration. This leads to linear (N σ − 1) × (N σ − 1) equations for the unknown constants V xciσ −ū xciσ :
The orbitals corresponding to the highest single-particle energy eigenvalues ε N σ have to be excluded from the linear equations (26) in order to ensure the correct long-range behaviour of V OEP xcσ (r) [9] . It is an important property of the KLI approximation that it is exact for two-particle systems, where one has only one electron per spin projection. In this case, the OEP integral equation (15) may be solved exactly to yield (24) . Furthermore, for these systems the OEP is also identical with the HF potential (22) .
At first sight, the KLI approximation (23) might appear rather crude. The final result (24) for the KLI potential, however, can also be understood [20] as a well-defined mean-field approximation. Explicit calculations on atoms performed in the x-only limit [9, 10, 11] show that the KLI-approximation yields excellent results which differ only by a few ppm from the much more time-consuming exact solutions of the full integral equation (15).
Exchange-only results for molecular systems
In order to demonstrate the validity of the KLI-approach for more complex systems, we have performed x-only OEP calculations for diatomic molecules in KLI approximation employing the exact exchange energy functional as defined by equation (20) and neglecting correlation effects. This approach will, in the following, be referred to as x-only KLI. Our calculations have been performed with a fully numerical basis-set-free code, developed from the Xα program written by Laaksonen, Sundholm and Pyykkö [21, 22, 23] . The code solves the one-particle Schrödinger equation for diatomic molecules (29) where R i denotes the location and Z i the nuclear charge of the i-th nucleus in the molecule. The partial differential equation is solved in prolate spheroidal coordinates on a two-dimensional mesh by a relaxation method, while the third variable, the azimuthal angle, is treated analytically. The Hartree potential
and the functions u xiσ (r) (cf. Eq. (21)) needed for the calculation of the exchange potential V KLI xσ (r) (cf. Eq. (24)) are computed as solutions of a Poisson and Poissonlike equation, respectively. In this step, the same relaxation technique as for the solution of the Schrödinger equation (29) is employed. Starting with an initial guess for the wave functions ϕ iσ (r), equations (29), (30) , (21) together with (24) are iterated until self-consistent. A very detailed description of the code is given in [24] .
In order to test the accuracy of the program, we have performed calculations on the Beryllium and Neon atom which are compared in Table 1 to exact results obtained with a one-dimensional atomic code. The results agree to all decimals given. Furthermore, from Table 2 it is evident that our program gives results for the two-electron molecules He 2 and HeH + which are identical to the HF ones obtained by Laaksonen et al [22] as they should be, as the HF and x-only KLI schemes are identical for these systems.
For comparison, we have performed additional x-only calculations with two other approximations of V xσ (r) and E x , respectively. The first one of these, denoted by Slater in the following, uses -like the HF and x-only KLI method -the exact orbital representation of E x given in equation (20) but the averaged exchange potential due to Slater [25] given by
which may be obtained from (24) by setting the constantsV xciσ −ū xciσ equal to zero for all i. The other is the well known x-only local density approximation (LDA) of conventional DFT. As for the KLI calculations, we have successfully tested our implementations on atomic systems. Table 9 : X-only results for N 2 . HF values for bond length of 2.07 a.u. from [24] . Present calculations performed on a 209 × 225 grid with bond length of 2.07 a.u. All numbers in atomic units.
Results are given in Tables 3 through 9 for LiH, BH, FH, He 2 , Li 2 , Be 2 and N 2 . For each system we show the total ground state energy E TOT , the various orbital energy eigenvalues ε and the nonzero electronic contributions to the dipole, quadrupole, octopole and hexadecapole moments denoted by Q e 1 , Q e 2 , Q e 3 and Q e 4 calculated from the geometrical center of the molecule, respectively, except for FH and N 2 , where the total moments (including nuclear contributions) calculated from the center of mass are given, denoted by Q tot L . For these two molecules we also present the expectation values of 1/r, denoted by < 1/r >, calculated at the nuclei.
For all physical quantities of interest, i.e. for E TOT , the energies ε HOMO of the highest occupied orbitals and the multipole moments, the x-only KLI and HF results differ only slightly, usually by a few hundredths of a percent for total energies, a few tenths of a percent for ε HOMO and a few percent for the multipole moments. The largest difference between the ε HOMO values occurs for Be 2 , where they differ by 3%. For N 2 , the energetic order of the 1π u and 3σ g orbital is reversed in all DFT approaches as compared to the HF result, which corresponds to the experimentally observed order of the outer valence ionization potentials [26] . As far as the multipole moments are concerned, the largest discrepancy between the x-only KLI and HF approaches occurs for the total hexadecapole moment of N 2 , where the results differ by 8.8%. In this case, the Slater approximation gives a value differing only by 3.7% from the HF one. The 1/r expectation values obtained with the HF and x-only KLI method are almost identical, differing by only a few hundreths of a precent with the exception of the one for the Hydrogen nucleus in FH, where the difference is an order of magnitude larger. In this case, both the Slater as well as the x-only LDA approximations give values closer to the HF results.
The Slater method gives -with a few exceptions mentioned above -values for E TOT , ε HOMO ,the multipole moments and 1/r expectation values which differ to a larger extent from both the KLI and HF results than the latter from each other. From the energy eigenvalues of the inner orbitals, on the other hand, it is obvious that the Slater exchange potential V S xσ (r) is deeper than the one obtained in the KLI method, giving results closer the HF ones.
Finally, the x-only LDA results differ more strongly from the other methods, yielding much higher total energies. The difference is most pronounced for the values of ε HOMO , which are roughly twice as large as the ones from any of the other methods. This is due to the wrong exponential decay of V LDA xσ (r) for large r.
We point out that the bulk part of the difference between the x-only KLI and the HF results are not due to the KLI approximation, but to the different nature of the HF and the DFT approaches. This is an established fact for atomic systems [9, 10, 11] and we see no reason why it should not hold for molecular systems as well. We mention that the difference between the HF and the exact x-only DFT results also implies that the exact quantum chemical correlation energy and the exact DFT correlation energy are not identical [27] .
Correlation contributions to the OEP
The inclusion of correlation effects into the OEP scheme is straightforward, as anticipated by the indices xc in section 2, once an explicit functional for E c [{ϕ jτ }] has been specified. It has been shown [15, 27] that the orbital-dependent ColleSalvetti functional [28, 29] is well suited for this purpose. It yields excellent results for atoms, surpassing the accurracy of conventional Kohn-Sham calculations. In this approximation, E c is given by [15] 
η(r) = 1 + dρ(r)
ξ(r) = ρ(r) 
Two-Electron Systems
In order to study the correlation contributions more thoroughly, we first concentrate on two-electron atoms for two reasons. First of all, as pointed out above, the solution of the full OEP integral equation for these systems is identical to the one obtained from the KLI-scheme. As the exchange energy functional is also known exactly, c.f. equation (20) , the only error made is due to the approximation for E c . Secondly there exist practically exact solutions [31] of the two-particle Schrödinger equation so that various DFT-related quantities of interest can be compared with exact results. In Table 10 we show the total absolute ground-state energies of the atoms isoelectronic with helium. The first column, denoted by KLICS, displays the results obtained with the above described method, including the Colle-Salvetti functional for E c into the OEP scheme. The next two columns show results obtained with the conventional Kohn-Sham method for comparison. BLYP denotes the use of the exchange-energy functional by Becke [32] combined with the correlation energy functional by Lee, Yang and Parr [33] , whereas the third column headed PW91 refers to the generalized gradient approximation by Perdew and Wang [34] . The exact nonrelativistic results in the last column are taken from [30] . Table 10 : Total absolute ground-state energies for the Helium isoelectronic series from various self-consistent calculations. △ denotes the mean absolute deviation from the exact values from [30] . All numbers in atomic units.
is no convergence for neagtive ions in the conventional Kohn Sham method. All of our calculations have been performed with a basis-set-free, fully numerical atomic code which solves the radial Schrödinger equation (1) by the Numerov-method as described in [35] . The angular parts are treated analytically.
In Figure 1 , we have plotted the errors E DFT tot − E exact tot of the numbers shown in Table 10 . It is obvious that the KLICS scheme gives superior results. The mean absolute error, denoted by △, is smaller by an order of magnitude for the KLICS results as compared to the two conventional Kohn Sham approaches. This comes as no surprise, as the exchange part is treated exactly in the OEP method, whereas only approximative functionals can be used in the Kohn-Shame scheme. As may be read off Table 11 , where we show the exchange and correlation contributions to the total energy seperately for systems where exact values are available, an error cancellation occurs in the BLYP and PW91 approaches -the exchange energies being too large and the correlation energies being to small in magnitude. The KLICS results for these two quantities are clearly much better. However, for the highly charged two-electron ions the quality of the results decreases substantially in all approaches. For these systems the LYP-functional appears to perform best.
In order to assess the quality of the xc potentials resulting from various approx- Table 11 : Exchange and correlation energies from various approximations. Exact values from [31] . All values in atomic units.
imate functionals, it is informative to look at the highest occupied orbital energy of the system. In an exact implementation of DFT this value should be equal to the ionization potential of the system. Therefore, the resulting values from approximate schemes are an indication of the quality of the corresponding xc potential. From Table 12 , where we have listed these numbers for various self-consistent approximations together with the exact ones, it is obvious that the KLICS scheme performs much better than the conventional Kohn-Sham schemes. The difference is less pronounced for the highly charged ions as the nuclear potential becomes the dominant term in the Kohn-Sham potential (3) . A glance at the second column, in which we give the corresponding values from an x-only KLI calculation, shows, however, that the reason for the superior quality is due to the inclusion of the exact exchange in the KLI scheme, which results in the correct −1/r asymptotic behaviour of the xc potential. In fact, adding the Colle-Salvetti formula for the correlation energy slightly worsens the results, as may be seen by comparing the second and third columns: The correlation contribution lowers the already too small values from the x-only calculations for the highest occupied orbital energy even more. Table 12 :
Absolute highest occupied orbital energies from various selfconsistent calculations. Exact values calculated from [30] . All values in atomic units.
The error in the correlation potential responsible for this behaviour is clearly visible from Figure 2 where we plot the exact [31] and various self-consistent corre- Instead of a maximum with positive values of the potential, the approximations possess one or even two minima and spurious divergences occur at the origin, which may be traced back to gradients of the density and of the one-particle orbitals occuring in the various correlation energy functionals. The need for further improvement of the correlation energy functional in this respect is obvious.
Beryllium and Neon Isoelectronic Series
For further analysis we have calculated the total ground state energies of positive ions isoelectronic with Beryllium (shown in Table 13 ) and Neon (shown in Table  14 ). Again, we compare the various DFT methods with exact data from Ref. [36] . The errors are plotted in Figures 3 and 4 , respectively. The data for both series show the same trends: The overall best results are obtained with the KLICS scheme, where the absolute mean deviation △ from the exact values is smallest. The BLYP scheme is only slightly worse, but the PW91 functional gives errors which are roughly twice as large as compared to the other DFT approaches. From the plots in Figures 3 and 4 it is obvious that these statements hold for most ions individually. There are two other trends to be noted in these results. First we point out that although the absolute errors rise within the isoelectronic series as the atomic number increases, the percentage errors remain almost constant. And secondly, the mean absolute error is smaller by almost an order of magnitude for the ten-electron Table 13 : Total absolute ground-state energies for the Beryllium isoelectronic series from various self-consistent calculations. △ denotes the mean absolute deviation from the exact values from [36] . All numbers in atomic units.
series compared to the four-electron series. The ionization potentials from the various approaches as calculated from the highest occupied Kohn-Sham orbitals are shown in Tables 15 and 16 for the fourand ten-electron series, respectively. The exact nonrelativistic values have been calculated from the data given in [36] . Due to the correct asymptotic behaviour of the xc-potential for large r within the OEP scheme it comes as no surprise that the KLICS data are superior to the conventional Kohn-Sham approach. The effect of the correlation potential within the OEP scheme is -like in the two-electron casea lowering of the energy eigenvalue of the highest occupied orbital, as may be seen from a comparison of the second and third columns showing the OEP results in x-only approximation and with inclusion of correlation in the form of Colle-Salvetti in the KLI-scheme, respectively. As opposed to the Helium and Neon isoelectronic series, this effect improves the quality of the results in the Beryllium isoelectronic Exact nonrelativistic values calculated from [36] . All numbers in atomic units.
Conclusions
Our calculations for molecular systems reveal that the KLI approach is also feasible for more complex systems and gives results of similar quality as for atoms. We expect that an inclusion of correlation effects will result in a highly accurate DFT scheme. The studies of correlation contributions to atomic systems show that further improvement of the presently available correlation-energy functionals is necessary.
